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Abstract
We extend a previous analysis on the derivation of the dilaton Wess-Zumino (WZ) action in d = 4,
based on the method of Weyl gauging, to 6 dimensions. As in the previous case, we discuss the structure
of the same action in dimensional regularization using 6-dimensional Weyl invariants, extracting the
dilaton interactions in the most general scheme, with the inclusion of the local anomaly terms. As an
application, we present the WZ action for the (2,0) tensor multiplet, which has been investigated in the
past in the context of the AdS7/CFT6 holographic anomaly matching. We then extend to d = 6 the
investigation of fully traced correlation functions of EMT’s, formerly presented in d = 4, showing that
their hierarchy is functionally related only to the first 6 correlators. We give the explicit expressions
of these in the most general scheme, up to rank-4.
1
1 Introduction
Anomaly-induced actions play a considerable role among effective field theories. Simple instances of
these types of actions are theories with chiral fermions in the presence of anomalous abelian symmetries
[1, 2, 3, 4], other examples involve conformal [5, 6, 7, 8] and superconformal anomalies [9].
Direct computations of these actions can be performed in ordinary perturbation theory by the usual
Feynman expansion at 1 loop, but alternative approaches are also possible. In fact, an action which repro-
duces the same anomaly at low energy can be constructed quite directly, just as a variational solution of
the anomaly condition, without any reference to the diagrammatic expansion. In gravity, typical examples
are anomaly actions such as the Riegert action [10], or the Wess-Zumino (WZ) dilaton action [11], which
reproduce the anomaly either with a non-local (Riegert) or with a local (WZ) effective operator, using
a dilaton field in the latter case [12]. These types of actions are not unique, since possible contributions
which are conformally invariant are not identified by the variational procedure. It should also be men-
tioned that a prolonged interest in these actions has been and is linked to the study of the irreversibility
of the Renormalization Group (RG) flow in various dimensions (see for instance [13, 14, 15, 16, 17] and
of the trace anomaly matching [18], since Zamolodchikov’s proof of his c-theorem in d = 2 [19].
A salient feature of some of these anomaly actions, particularly if formulated in a local form, as in
the WZ case, is the inclusion of extra degrees of freedom compared to the original tree-level action. In
the case of the chiral anomaly this additional degree of freedom is the axion (θ(x)), which is linearly
coupled to the anomaly functional in the form of a (θ/M)FF˜ term - the anomaly coupling - with F and
F˜ denoting the field strength of the gauge field and its dual respectively. The anomaly interaction is
accompanied by a new scale (M). This is the scale at which the anomalous symmetry starts to play a
role in the effective theory. A large value of M , for instance, is then associated with a decoupling of the
anomaly in the low energy theory. In the 1-particle irreducible (1PI) effective action this is obtained - in
the chiral case - by allowing the mass of the fermions (∼M) that run in the anomaly loops to grow large.
The underlying idea of keeping the anomaly interaction in the form of a local operator at low energy -
such as the (θ/M)FF˜ term - while removing part of the physical spectrum, is important in the study
of the renormalization group (RG) flows of large classes of theories, both for chiral and for conformal
anomalies.
In the case of conformal anomalies [5], which is the case of interest in this work, the pattern is similar
to the chiral case, with the introduction of a dilaton field in place of the axion in order to identify the
structure of the corresponding WZ action, and the inclusion of a conformal scale (Λ). As in the chiral case,
one of the significant features of the WZ conformal anomaly action is the presence of a linear coupling
of the Goldstone mode of the broken symmetry (the dilaton) to the anomaly functional, but with a
significant variant. In this case, in fact, this linear term has to be corrected by additional contributions,
due to the non invariance of the anomaly functional under a conformal transformation.
This procedure, which allows to identify the structure of WZ action, goes under the name of the
Noether method (see for instance [20], [21]) and has to be iterated several times, due to the structure of
the anomaly functional, before reaching an end. Given the fact that anomaly functional takes a different
form in each space-time dimension, the anomaly action will involve interactions of the dilaton field of
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different orders in each dimension.
1.1 Weyl gauging and the anomaly action
In a previous paper [20] we have investigated an alternative approach, useful for the computation of this
action, which exploits the structure of the counterterms in dimensional regularization and their Weyl
gauging, bypassing altogether the Noether procedure. This approach has been discussed in d = 4 by
several authors [11, 22], and in a cohomological context in [23].
In particular, we have shown how the complete hierarchy of correlators involving traces (T ) of the
EMT’s of any conformal field theory (CFT) in 4 dimensions is functionally related only to the first four
correlators, with ranks from 1 to 4 (T, T 2, T 3, T 4), of the same theory. These are completely determined by
the anomaly. It is the order of the dilaton interaction which determines the maximum rank of independent
traced correlators necessary to fix the entire hierarchy. In d = 6, as we are going to show, the traces of
the first 6 correlators (T, T 2, . . . , T 6) are sufficient for this goal.
The extension of this construction to higher dimensions is interesting for several reasons. The WZ
action in d = 6 plays an important role in the study of the irreversibility of the RG flow of CFT’s from the
ultraviolet (UV) to the infrared (IR) [16, 21] also for this specific dimensions. At the same time it plays
an equally important role in the study of the AdS/CFT correspondence. An example is the investigation
of the anomaly matching between conformal tensor multiplets on the six dimensional boundary and a
stack of M5 branes of AdS7 supergravity in the bulk [24, 25]. We will present, as an application of our
formalism, the expression of the WZ action for this specific CFT realization in d = 6.
Our work, in the study that we present, follows rather closely the layout of our previous derivation of
the WZ action by Weyl gauging in d = 4, that we extend to 6 dimensions. As in the 4-dimensional case, we
derive the dilaton effective action by taking into account all the possible counterterms in the construction,
which are identified in dimensional regularization within a general subtraction scheme. We also mention
that general results on the structure of the action in any even dimensions have been presented in [26],
using the general form of the Euler density and its conformal variation, which is sufficient to identify the
nonlocal structure of the anomaly in a specific scheme, as we will specify below. However, the identification
of the local contributions to the anomaly requires a separate effort, that we undertake in this work for
d = 6.
This more general approach allows us to set a distinction between the nonlocal and local contributions
to the anomaly and hence to the effective action, as in our former analysis of the d = 4 case. We will
start our investigation by reviewing the method of Weyl gauging, together with a brief discussion of the
structure of correlation functions of traces of the energy-momentum tensor (EMT) for a generic CFT. In
the past, the gauging has been discussed in various ways both in the context of extensions of the Standard
Model [27, 28] and in cosmology, where it has been shown that the introduction of an extra scalar brings
to a dynamical adjustment of the cosmological constant [22]. Recent discussions of the role of the dilaton
in quantum gravity can be found in [29, 30].
The extension of the gauging procedure from 4 to 6 dimensions, in a general scheme, is quite demanding
from the technical side, and is addressed starting from section 2, where we fix our conventions for the
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structure of the anomaly functional. This is expressed in terms of the generic coefficients (c1, c2, c3) and
a, which describe the anomaly of any CFT in d = 6. We thus identify the operators in the effective action
that are responsible for the local anomaly, which are the analogue of the R2 curvature term in d = 4,
explicitly establishing their connection to the part proportional to total derivatives. We then move to
the analysis of the structure of the traced correlators and of their hierarchy, showing how to solve it in
terms of the first 6 correlation functions. We have left to Appendix A a discussion of some of the more
technical steps. Appendix B includes the consistency checks of the recursion relations satisfied by the
traced correlators in d = 2 and d = 4, presenting the expressions of the first traced Green functions up to
rank-6 in the two cases.
2 Definitions and conventions
In this section we establish our conventions, which will be used throughout our computations, before
coming to a description of the anomaly-induced action in d = 6. We define the generating functional of
the theory W as
W[g] =
∫
DΦ e−S , (1)
where S is the generic euclidean action depending on the set of all the quantum fields (Φ) and on the
background metric (g). The EMT is given by
〈T µν(x)〉 = 2√
gx
δW[g]
δgµν(x)
=
2√
gx
δ
δgµν(x)
∫
DΦ e−S (2)
which is symmetric and traceless for a conformal invariant theory. In (2) gx ≡ |gµν(x)| is the determinant
of the metric tensor. For ordinary field theories, investigated in ordinary Minkowski space, this approach
allows to identity a symmetric expression of the EMT, which is traceless in the presence of a scale invariant
Lagrangian, modulo standard improvement terms for scalar fields that we will discuss next. In the case of
the Standard Model, this approach has been used to fix the entire structure of the EMT in the Rξ gauge
[31].
The equation of the conformal anomaly is expressed in terms of a functional A[g] which depends on
the metric background g
gµν〈T µν〉g = A[g] , (3)
and holds in any even dimensions.
The general structure of the trace anomaly equation for general even dimension d is given by [7]
A[g] =
∑
i
ci (Ii +∇µJµi )− (−1)d/2 aEd , (4)
where
√
g Ii are conformal invariants, the analogous of the Weyl tensor squared in 4 dimensions, whose
number increases with the dimension, whereas Ed is the Euler density in d dimensions. The contribution
coming from the Euler density is usually denoted as the A part of the anomaly, while the rest is called
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the B part. The total derivative terms ∇µJ iµ are known under the name of local anomaly contributions
and are sometimes omitted, as they are scheme-dependent and absent if the Ii’s are expressed in generic
d dimensions. They can be removed also by adding some local counterterms to the action, which are an
intrinsic ambiguity of the dimensional regularization scheme.
The specific expression of (4) for d = 6 takes the form
A[g] =
3∑
i=1
ci (Ii +∇µJµi ) + aE6 , (5)
where
√
g Ii , (i = 1, 2, 3), are the three conformal invariants available in 6 dimensions. Our goal will be
to determine the structure of the dilaton WZ action in the most general case, with the inclusions of the
contributions related to these three conformal invariant terms.
2.1 The conformal invariants and the Euler density in d = 6
To characterize the expansion of the scalars appearing in the trace anomaly equation, we introduce the
basis of scalars obtained from the Riemann tensor, its contractions and derivatives, which is given by
K1 = R
3 K2 = RR
µν Rµν K3 = RR
µνρσ Rµνρσ
K4 = Rµ
ν Rν
αRα
µ K5 = R
µν Rρσ Rµρσν K6 = Rµν R
µαρσ Rναρσ
K7 = Rµνρσ R
µναβ Rρσαβ K8 = Rµνρσ R
µαβσ Rναβ
ρ K9 = RR
K10 = RµνR
µν K11 = RµνρσR
µνρσ K12 = ∂µR∂
µR
K13 = ∇ρRµν ∇ρRµν K14 = ∇ρRµναβ ∇ρRµναβ K15 = ∇ρRµσ∇σRµρ
in terms of which the Euler density takes the form
E6 = K1 − 12K2 + 3K3 + 16K4 − 24K5 − 24K6 + 4K7 + 8K8 . (6)
Defining a Weyl transformation of the metric in the form
gµν(x)→ e2σ(x) gµν(x), (7)
the three Weyl invariants (modulo a
√
g factor) in d = 6 are given by the expressions (see Appendix A.1
for their definitions in terms of the Weyl and Riemann tensors)
I1 =
19
800
K1 − 57
160
K2 +
3
40
K3 +
7
16
K4 − 9
8
K5 − 3
4
K6 +K8 ,
I2 =
9
200
K1 − 27
40
K2 +
3
10
K3 +
5
4
K4 − 3
2
K5 − 3K6 +K7 ,
I3 =
1
25
K1 − 2
5
K2 +
2
5
K3 +
1
5
K9 − 2K10 + 2K11 +K13 +K14 − 2K15 . (8)
It is easy to prove that for the three scalars defined above the products
√
g Ii are Weyl invariant in 6
dimensions, i.e., denoting with δW the operator implementing an infinitesimal Weyl transformation,
δW Ii = −6σIi . (9)
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We also choose to define the Green function of n EMT’s in flat space in the completely symmetric
fashion as
〈T µ1ν1(x1) . . . T µnνn(xn)〉 ≡ 2
n
√
gx1 . . .
√
gxn
δnW[g]
δgµ1ν1(x1) . . . . . . δgµnνn(xn)
∣∣∣∣
gµν=δµν
. (10)
We denote the functional derivatives with respect to the metric of generic functionals, in the limit of a
flat background, as
[f(x)]µ1ν1...µnνn (x1, . . . , xn) ≡ δ
n f(x)
δgµnνn(xn) . . . δgµ1ν1(x1)
∣∣∣∣
gµν=δµν
(11)
and the corresponding expression with traced indices
[f(x)]µ1...µnµ1...µn (x1, x2, . . . , xn) ≡ δµ1ν1 . . . δµnνn [f(x)]µ1ν1...µnνn (x1, . . . , xn) , (12)
where the curved euclidean metric gµν is replaced by δµν .
By functional differentiations of the anomaly equation (3), one generates an infinite hierarchy of
equations satisfied by the correlation functions of multiple traces of the EMT in the form
〈T (k1) . . . T (kn+1)〉 = 2n [√gA]µ1...µnµ1...νn (k1, . . . , kn+1)
− 2
n∑
i=1
〈T (k1) . . . T (ki−1)T (ki+1) . . . T (kn+1 + ki)〉 , (13)
which indicate the existence of an open hierarchy. As we have shown in our analysis of the d = 4 case,
this hierarchy can be completely identified just by a certain number of correlators, which in this case
corresponds only to the first 6. However, as we have pointed out above, the number of traced correlators
required to identify the hierarchy is related to the order of the dilaton interaction in the effective action.
In the expression above we have introduced the notation T ≡ T µµ to denote the trace of the EMT.
All the momenta characterizing the vertex are taken as incoming, as specified in Appendix A.
The identity (13) relates a (n + 1)-point correlator to correlators of order n, together with the com-
pletely traced derivatives of the anomaly functionals
√
g Ii,
√
g E6 and
√
g∇µJµi . For
√
g Ii, which is a
conformal invariant, they are identically zero. For
√
g E6 these are non vanishing at any arbitrary order
n ≥ 4, while √g∇µJµi contribute also to the trace of lower order functions. In particular, as shown above,
∇µJµ1/2 are at least quadratic in the Riemann tensor, so that they give non-vanishing contributions from
order 3 onwards, whereas ∇µJµ3 contains a term which is linear in R and thus contributes a non-vanishing
trace to the two-point function.
3 Weyl gauging : overview
3.1 Weyl gauging for scale invariant theories
The procedure of Weyl gauging defines a consistent framework useful to identify the coupling of a dilaton
to the fields of a given Lagrangian. It can be implemented starting from a Lagrangian defined on a flat
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metric background, but written in a diffeomorphic invariant way (i.e. by using curvilinear coordinates),
and introducing an appropriate new field which takes a role similar to an abelian gauge field. This allows
to define a new Lagrangian which is diffeomorphic and Weyl invariant in curved space. At a second
stage this new degree of freedom can be made dynamical with the inclusion of a kinetic term. As we
are going to see, the transformation property of this new field, which can be traded for the gradient of a
dilaton, together with the requirement of Weyl invariance, forces its kinetic term to a unique form. This
is obtained performing a non linear field redefinition in the Lagrangian of a conformally coupled scalar.
The approach brings to the construction of a Weyl invariant Lagrangian which is conformally invariant
in the flat limit. We are going to summarize these points below, illustrating explicitly the method in the
simpler case of a scalar theory.
For a Lagrangian in flat space written in a diffeomorphic invariant form, scale invariance is equivalent
to global Weyl invariance. The equivalence can be shown quite straightforwardly [32] by rewriting a scale
transformation acting on the coordinates of flat space and the fields Φ
xµ → x′µ = eσxµ
Φ(x) → Φ′(x′) = e−dΦσΦ(x) (14)
in terms of a rescaling of the Vielbein and of the matter fields
Va ρ(x) → eσ Va ρ(x),
Φ(x) → e−dΦσΦ(x) (15)
but leaving the coordinates of the field Φ invariant. We have denoted with dΦ its scaling dimension.
Obviously, once we move to a curved metric background, it is natural to promote the global scaling
parameter w = eσ to a local function, and modify the theory so that the transformation laws of the
Vielbein and matter fields (Φ)
V ′a ρ(x) = e
σ(x) Va ρ(x) ,
Φ′(x) = e−dΦ σ(x) Φ(x) (16)
leave the fundamental Lagrangian invariant. For a free scalar theory
1
2
∫
ddx
√
g gµν ∂µφ∂νφ, (17)
the derivative terms are modified as for an abelian gauge field
∂µ → ∂Wµ = ∂µ − dφWµ , (18)
where Wµ is a vector gauge field that transforms under Weyl scaling as
Wµ →Wµ − ∂µσ . (19)
In the case of a covariant derivative acting on a spin-1 field vµ, the Weyl and diffeomorphic covariant
derivative is found by adding to (18) the modified Christoffel connection
Γˆλµν = Γ
λ
µν + δµ
λWν + δν
λWµ − gµν W λ , (20)
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which is Weyl invariant. The method follows closely the gauging of a typical abelian theory, by defining
∇Wµ vν = ∂µvν − dvWµvν − Γˆλµνvλ
∇Wµ vν → e−dvσ(x)∇Wµ vν . (21)
The extension to the fermion case is obtained by the relation
∇µ → ∇Wµ = ∇µ − dψWµ + 2Σµν Wν , Σµν ≡ Vaµ VbνΣab , (22)
where we have denoted with dψ the scaling dimension of the spinor field (ψ) and with Σab the spinor
generators of the Lorentz group.
If we Weyl-gauge the scalar action (17) according to the prescriptions in (18) and (19) we obtain
Sφ,W =
1
2
∫
ddx
√
g gµν ∂Wµ φ∂
W
ν φ =
1
2
∫
ddx
√
g gµν
(
∂µ − d− 2
2
Wµ
)
φ
(
∂ν − d− 2
2
Wν
)
φ
=
1
2
∫
ddx
√
g gµν
{
∂µφ∂νφ− d− 2
2
(
φWµ ∂νφ+ φWν ∂µφ− d− 2
2
WµWν φ
2
)}
(23)
which, using φ∂µφ = 1/2 ∂µφ
2 and integrating by parts, can be written as
Sφ,W = 1
2
∫
ddx
√
g gµν
(
∂µφ∂νφ+ φ
2 d− 2
2
Ωµν(W )
)
, (24)
where we have introduced
Ωµν(W ) = ∇µWν −WµWν + 1
2
gµν W
2 . (25)
The result of this procedure is a Weyl invariant Lagrangian in which the Weyl variation of the ordinary
kinetic term of φ is balanced by the variation of the Ω term. One can also render Wµ dynamical by the
inclusion of a kinetic term built out of an appropriate field strength
FWµν ≡ ∂µWν − ∂νWµ (26)
which is manifestly Weyl invariant.
A question that arises is whether it is possible to build a Weyl invariant theory without having to
introduce an additional gauge field Wµ at all. As discussed in [32], this is possible if and only if, having
performed the Weyl gauging, Wµ appears in the gauged action only in the combination given by Ωµν(W ).
In fact, having observed that under a finite Weyl transformation (δW ) the variation of Ωµν(W ) coincides,
modulo a factor, with the variation of a particular combination of the Ricci tensor and the scalar curvature,
i.e.
δWΩµν(W ) =
1
2− d δWSµν ,
Sµν =
1
2− d
(
Rµν − 1
2 (d − 1) gµν R
)
, (27)
one obtains a new Weyl invariant action via the replacement
Ωµν(W )→ 1
2− d Sµν . (28)
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Doing so in the Weyl gauged action of the scalar field (24), the latter takes the form
Sφ, imp = 1
2
∫
ddx
√
g
(
gµν ∂µφ∂νφ− 1
4
d− 2
d− 1 Rφ
2
)
, (29)
which is the action of a conformally coupled scalar. The procedure of rendering the theory Weyl invariant
through such supplementary couplings to the Ricci tensor is called Ricci gauging [32].
A second possibility is to maintain the expression of Wµ, with new interactions induced by the Weyl
gauging, but now identified with the gradient of a dilaton field,
Wµ(x) =
∂µτ(x)
Λ
. (30)
This second choice offers an interesting physical interpretation - in the flat limit - in connection with the
breaking of the conformal symmetry, related to the conformal scale Λ, as we will shortly point out below.
Notice that in this second case the Ω(∂µτ/Λ) term generates non trivial cubic and quartic interactions
between the original scalar and the dilaton
Ω
(
∂τ
Λ
)
=
∇µ∂ντ
Λ
− ∂µτ ∂ντ
Λ2
+
1
2
gµν
(∂τ)2
Λ2
, (31)
which bring (24) to the form
Sφ,∂τ = 1
2
∫
ddx
√
g gµν
(
∂µφ∂νφ+
d− 2
2
φ2
τ
Λ
+
(
d− 2
2
)2
φ2
(∂τ)2
Λ2
)
. (32)
As the field strength FW , on account of (30) is obviously zero, the dilaton can be rendered dynamical
only via a nonlinear realization of its kinetic term. This is achieved by introducing a conformally coupled
scalar field χ and imposing the field redefiniton
χ(τ) ≡ Λ d−22 e− (d−2) τ2Λ . (33)
At this point, the dynamics of the combined scalar/dilaton/graviton system is described by the Weyl
invariant action
S = Sχ(τ),imp + Sφ,∂τ , (34)
having combined (29), where φ is replaced by χ, and (32). The kinetic action for χ, Sχ(τ),imp, takes the
form
Sχ(τ),imp =
Λd−2
2
∫
ddx
√
g e−
(d−2) τ
Λ
(
(d− 2)2
4Λ2
gµν ∂µτ ∂ντ − 1
4
d− 2
d− 1 R
)
, (35)
which, for the particular case d = 6 of interest in this work, reduces to
Sχ(τ),imp =
∫
d6x
√
g e−
4 τ
Λ
(
2Λ2 gµν ∂µτ ∂ντ − Λ
4
10
R
)
. (36)
The Weyl gauging, as we have described it so far, is possible only when we take as a starting point a
scale invariant Lagrangian, with dimensionless constants. Things are different when an action is not scale
invariant in flat space, and in that case the same gauging requires some extra steps. We illustrate this
point below and discuss the modification of the procedure outlined above, by considering again a scalar
theory as an example. This approach exemplifies a situation which is typical in theories with spontaneous
breaking of the ordinary gauge symmetry, such as the Standard Model.
9
3.2 Weyl gauging for non scale invariant theories
We consider a free scalar theory with a mass term
S2 = 1
2
∫
ddx
√
g
(
gµν ∂µφ∂νφ+m
2 φ2
)
. (37)
Scale invariance is lost, but it can be recovered. There are two ways to promote this action to a scale
invariant one. The first is simply to render the mass term dynamical
m→ m Σ
Λ
, (38)
using a second scalar field, Σ. The action (37), with the replacement (38), can be extended with the
inclusion of the kinetic term for Σ. The inclusion of Σ and the addition of two conformal couplings (i.e.
of two Ricci gaugings) both for φ and Σ brings to the new action
SΣ2 =
∫
ddx
√
g
[
1
2
gµν
(
∂µφ∂νφ+ ∂µΣ ∂νΣ
)
+
1
2
m2
Σ2
Λ2
φ2 +
1
4
d− 2
d− 1 R
(
φ2 +Σ2
)]
, (39)
which is Weyl invariant in curved space. These types of actions play a role in the context of Higgs-
dilaton mixing in conformal invariant extension of the Standard Model, where φ is replaced by the Higgs
doublet and Σ is assumed to acquire a vacuum expectation value (vev) which coincides with the conformal
breaking scale Λ (〈Σ〉 = Λ) (see for instance [33]). The mixing is induced by a simple extension of (39),
where the mass term is generated via the scale invariant potential
Spot = λ
∫
d4x
√
g
(
φ2 − µ
2
2λ
Σ2
Λ2
)2
(40)
(with m = µ). This choice provides a clear example of a Weyl invariant Lagrangian that allows a
spontanous breaking of the Z2 symmetry of the scalar sector φ, following the breaking of the conformal
symmetry (〈Σ〉 = Λ,with〈τ〉 = 0). The theory is obviously Weyl invariant (see the discussion in [33]),
but the contributions proportional to the Ricci scalar R do not survive, obviously, in the flat limit.
The approach to Weyl gauging of a non scale invariant Lagrangian briefly described above is not
unique. In fact, a second alternative in the construction of a Weyl invariant Lagrangian in curved space,
starting from (37), is to use the compensation procedure, which amounts to the replacements
m → me−τ/Λ ,
gµν → gˆµν ≡ gµν e−2τ/Λ
φ → φˆ ≡ φ eτ/Λ ,
∂µφ → ∂µφˆ = eτ/Λ ∂Wµ φ , with Wµ =
∂µτ
Λ
, (41)
giving an action of the form
Sˆ2 ≡ S2(gˆ, φˆ) = 1
2
∫
d4x
√
g
[
gµν ∂µφ∂νφ+ g
µν Ωµν
(
∂τ
Λ
)
φ2 +m2 e−2 τ/Λ φ2
]
, (42)
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where Ω(∂τ/Λ) was defined in (31). Also in this case, the compensator τ becomes a dynamical dilaton
field by adding to Sˆ2 the kinetic contribution of a conformally coupled scalar (35), obtaining the total
action
ST ≡ Sˆ2 + Sχ(τ),imp . (43)
Notice that in this case we choose not to require the Ricci gauging of the Ω (∂τ/Λ) term in Sˆ2, but we
leave it as it is, thereby generating additional interactions between the dilaton and the scalar φ in flat
space. Obviously, also following this second route, we can incorporate spontaneous breaking of the Z2
symmetry of the φ field after the breaking of conformal invariance (with 〈Σ〉 = Λ). This is obtained, as
before, by the inclusion of the potential (40).
In this second approach the Ω(∂τ/Λ) terms are essential in order to differentiate between the two
residual dilaton interactions in flat space. In the context of Weyl invariant extensions of the Standard
Model, such terms are naturally present in the analysis of [27].
4 Weyl gauging of the renormalized action
The WZ anomaly action, as we have already mentioned above, is derived from the Weyl gauging of the
renormalized action, defined as
Γˆren[g, τ ] ≡ Γ0[g, τ ] + ΓCt[gˆ] , (44)
in terms of a Weyl invariant contribution Γ0[g, τ ] and of a local counterterm ΓCt[gˆ]. The Wess-Zumino
action is then identified from the relation
Γˆren[g, τ ] = Γren[g, τ ] − ΓWZ[g, τ ]. (45)
Here ΓWZ [g, τ ] is the Wess-Zumino action, whose Weyl variation equals the trace anomaly. Notice that
Γˆren[g, τ ], as one can immediately realize, is Weyl invariant by construction, being a functional only of gˆ.
The Weyl invariant terms may take the form of any scalar contraction of Rˆµνρσ , Rˆµν and Rˆ and can be
classified by their mass dimension, such as
Jn[gˆ] ∼ 1
Λ2n−d
∫
ddx
√
gˆRˆn , (46)
and so forth. In principle, all these terms can be included into Γ0[gˆ] ≡ Γ0[g, τ ] which describes the non
anomalous part of the renormalized action
Γ0[gˆ] ∼
∑
n
Jn[gˆ] . (47)
Here we recall the structure of the operator that are at most marginal from the Renormalization Group
viewpoint. The first term that can be included is trivial, corresponding to a cosmological constant
contribution
S(0)τ = Λ6
∫
d6x
√
gˆ = Λ6
∫
d6x
√
g e−
6 τ
Λ . (48)
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Here the superscript number in round brackets in S(n) denotes the order of the contribution in the
derivative expansion, so to distinguish the scaling behaviour of the various terms under the variation of
the length scale.
For n = 1 we obtain the operator which reproduces the kinetic term of the dilaton extensively discussed
above. Here we just mention that (36) can be derived from a general, d-dimensional formula for Weyl
gauging the Einstein-Hilbert action,
S(2)τ = −
Λd−2 (d− 2)
8 (d− 1)
∫
ddx
√
gˆ Rˆ = −Λ
d−2 (d− 2)
8 (d− 1)
∫
ddx
√
g e
(2−d) τ
Λ
[
R− (d− 1) (d− 2) (∂τ)
2
Λ2
]
,
(49)
which is exactly (36) for d = 6.
The possible 4-derivative terms (n=2) are∫
d6x
√
gˆ
(
α Rˆµνρσ Rˆµνρσ + β Rˆ
µν Rˆµν + γ Rˆ
2 + δ ˆRˆ
)
. (50)
The R contribution in this expression can be obviously omitted, being a total derivative. We can also
replace the Riemann tensor with the Weyl tensor squared (see (114)) and remain with only two (as√
gˆ Cˆµνρσ Cˆµνρσ =
√
g Cµνρσ Cµνρσ e
2τ
Λ ) non trivial contributions, Rˆµν Rˆµν and Rˆ
2. We present here the
expression of (50) for a conformally flat metric, while the result for a general gravitational background
can be computed exploiting the Weyl gauged tensors given in Appendix A.1,
S(4)τ =
∫
d6x
√
gˆ
(
α Rˆµν Rˆµν + β Rˆ
2
)
=
∫
d6x e−
2 τ
Λ
[
100α
(
τ
Λ
− 2 (∂τ)
2
Λ2
)2
+ 2β
(
15
(τ)2
Λ2
− 68
Λ3
τ (∂τ)2 + 72
(∂τ)4
Λ4
)]
. (51)
The last contributions that are significant down to the infrared regime are the marginal ones, i.e. the
6-derivative operators. To derive them we follow the analysis in [21]. We use the basis of diffeomorphic
invariants of order 6 in the derivatives, on which the I ′is are expanded (see Eq. (8)). It is made of 11
elements, 6 of which contain the Riemann tensor, that can be traded for a combination of the Weyl tensor
and the Ricci tensor and scalar, so that we are left with only the 5 terms in (K1 −K11) (see Sec. (2.1))
that do not contain the Riemann tensor. As we are going to write down the result only in the flat limit,
we can exploit two additional constraints. Indeed in [35] it was shown that, in this case, the integral of
R3 − 11RRµν Rµν + 30Rµν RναRαµ − 6RR+ 20RµνRµν (52)
vanishes, so that we can use this result to eliminate RµνRµν .
Then, as the Euler density can be written in the form
E6 =
21
100
R3 − 27
20
RRµν Rµν +
3
2
Rµ
ν Rν
αRα
µ + 4Cµνρσ C
µν
αβ C
ρσαβ
− 8Cµνρσ Cµαρβ Cνασβ − 6Rµν Cµαρσ Cναρσ +
6
5
RCµνρσ Cµνρσ − 3Rµν Rρσ Cµρσν . (53)
It is apparent that only the first three terms are non vanishing on a conformally flat metric. Now, as in
the effective action these contributions are integrated and the Euler density is a total derivative, one can
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thereby replace Rµ
ν Rν
αRα
µ for R3 and RRµν Rµν . In the end, Weyl gauging R
3, Rµν Rµν and RR
is sufficient to account for all the possible 6-derivative terms of the dilaton effective action which do not
vanish in the flat space limit. After some integrations by parts, one can write the overall contribution as
S(6)τ =
∫
d6x
√
gˆ
[
γ Rˆ3 + δRˆ Rˆµν Rˆµν + ζ RˆˆRˆ
]
=
∫
d6x 20
[
1
Λ3
(
5 ζ 2τ τ − (50 γ + 7 δ − 30 ζ) (τ)3 − 8 (δ + 5 ζ)τ (∂∂τ)2
)
+
1
Λ4
(
50 (6 γ + δ − 2 ζ) (τ)2 (∂τ)2 − 16 (δ + 5 ζ)τ ∂µ∂ντ ∂µτ ∂ντ
+8 (2 δ + 5 ζ) (∂τ)2(∂∂τ)2
)
− 120
Λ5
(5 γ + δ − ζ)τ (∂τ)4
+
80
Λ6
(5 γ + δ − ζ) (∂τ)6
]
. (54)
We have introduced the compact notation (∂τ)n ≡ (∂λτ ∂λτ)n/2 , (∂∂τ)2 ≡ ∂µ∂ντ ∂µ∂ντ to denote mul-
tiple derivatives of the dilaton field. The Weyl invariant part of the dilaton effective action is then given
by
Γ0[g, τ ] = S(0)τ + S(2)τ + S(4)τ + S(6)τ + . . . , (55)
where the ellipsis denote all the possible higher-order, irrelevant terms.
4.1 The counterterms and the anomaly
As we have discussed above, we construct the effective action by applying the Weyl gauging procedure to
the renormalized effective action, which breaks scale invariance via the anomaly. First we must introduce
the one-loop counterterm action, which is given, following [5] and [23], by the integrals of all the possible
Weyl invariants and of the Euler density continued to d dimensions
ΓCt[g] = −µ
−ǫ
ǫ
∫
ddx
√
g
( 3∑
i=1
ci Ii + aE6
)
, ǫ = 6− d , (56)
where µ is a regularization scale. It is this form of ΓCt, which is part of Γren, to induce the anomaly
relation
2√
g
gµν
δΓren[g]
δgµν
∣∣∣∣
d→6
=
2√
g
gµν
δΓCt[g]
δgµν
∣∣∣∣
d→6
= A[g]. (57)
In the derivation of the equation above, we have exploited the Weyl invariance of the non anomalous
action Γ0[g] in 6 dimensions
gµν
δΓ0[g]
δgµν
∣∣∣∣
d→6
= 0, (58)
while the anomaly is generated entirely by the counterterm action ΓCt[g], due to the relations
2√
g
gµν
δ
δgµν
∫
ddx
√
g Ii = −ǫ
(
Ii +∇µJµi
)
, (59)
2√
g
gµν
δ
δgµν
∫
ddx
√
g E6 = −ǫE6 , (60)
13
so that from (57) we find
〈T 〉 = 2√
g
gµν
δΓCt[g]
δgµν
∣∣∣∣
d→4
=
3∑
i=1
ci (Ii +∇µJµi ) + aE6 . (61)
The explicit expressions of the derivative terms ∇µJµi in Eq. (59) can be obtained using the functional
variations listed in Appendix A.2. They are given by
∇µJµ1 = −
3
800
∇µ
[
− 5
(
44Rρσ∇µRρσ − 50Rρσ∇σRµρ − 3Rµν ∂νR− 4Rνρσα∇µRνρσα
+40Rµρνσ ∇νRρσ
)
+ 19R∂µR
]
∇µJµ2 = −
3
200
∇µ
[
− 5
(
4Rρσ∇µRρσ + 10Rρσ∇σRµρ + 7Rµν ∂νR− 4Rνρσα∇µRνρσα
− 40Rµρνσ ∇νRρσ
)
+ 9R∂µR
]
∇µJµ3 =
1
25
∇µ
[
10
(
2 ∂µR− 5∇νRµν +Rνρ∇µRνρ − 2Rµν ∂νR−Rνρσα∇µRνρσα
− 10Rµρνσ ∇νRρσ
)
− 3R∂µR
]
. (62)
The terms above are renormalization prescription dependent and are not present if, instead of the coun-
terterms
√
g Ii, one chooses scalars that are conformal invariant in d dimensions, i.e. the I
d
i ’s defined in
Appendix A. Notice that the inclusion of d-dimensional counterterms simplifies considerably the compu-
tation of the dilaton WZ action, as shown in [26]. In fact, in this scheme, the contribution of the Idi ’s to
the same action is just linear in the dilaton field and can be derived from the counterterm
ΓdCt[g] = −
µ−ǫ
ǫ
∫
ddx
√
g
( 3∑
i=1
ci I
d
i + aE6
)
. (63)
It can be explicitly checked that by expanding (63) around d = 6 and computing the order O(ǫ) contri-
bution to the vev of the traced EMT one obtains the relation
2√
g
gµν
δ
δgµν
∫
ddx
√
g Idi = −ǫ Ii +O
(
ǫ2
)
. (64)
In this simplified scheme it is possible to give the structure of the WZ action in any even dimension [26],
just by adding to the contribution of such invariants the one coming from the Euler density Ed, being the
total derivative terms ∇µJµi absent.
4.2 General scheme-dependence of the trace anomaly
In this section we establish a connection between the two schemes used to derive the dilaton WZ action,
with the inclusion of invariant counterterms of B type which are either d or 6-dimensional, in close analogy
with the 4-dimensional case [20], that we now briefly review.
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In this case one introduces the counterterm action [5]
ΓCt[g] = −µ
−ǫ
ǫ
∫
ddx
√
g
(
βa F + βbG
)
, ǫ = 4− d , (65)
where µ is a regularization scale. It is this form of ΓCt to induce the anomaly condition
2√
g
gµν
δΓren[g]
δgµν
∣∣∣∣
d→4
=
2√
g
gµν
δΓCt[g]
δgµν
∣∣∣∣
d→4
= A[g], (66)
where G is the Euler density in 4 dimensions,
G = RαβγδRαβγδ − 4RαβRαβ +R2 , (67)
whwreas F is the squared Weyl tensor, which reads, for generic dimension,
Fd ≡ CαβγδCαβγδ = RαβγδRαβγδ − 4
d− 2R
αβRαβ +
2
(d− 1)(d − 2)R
2. (68)
Its d = 4 realization, called simply F , appears in the trace anomaly equation (3). From the well known
relations
2√
g
gµν
δ
δgµν
∫
ddx
√
g F = −ǫ
(
F − 2
3
R
)
, (69)
2√
g
gµν
δ
δgµν
∫
ddx
√
g G = −ǫG , (70)
it follows that the explicit form of the trace anomaly equation (66) is
〈T 〉 = 2√
g
gµν
δΓCt[g]
δgµν
∣∣∣∣
d→4
= βa
(
F − 2
3
R
)
+ βbG . (71)
The R term in Eq. (69) is prescription dependent and can be avoided if the F -counterterm is chosen to
be conformal invariant in d dimensions, i.e. using the square Fd of the Weyl tensor in d dimensions in
(68),
ΓdCt[g] = −
µ−ǫ
ǫ
∫
ddx
√
g
(
βaFd + βbG
)
. (72)
In fact, expanding (72) around d = 4 and computing the O(ǫ) contribution to the vev of the traced EMT
it is found that ∫
ddx
√
g Fd =
∫
ddx
√
g
[
F − ǫ
(
RαβRαβ − 5
18
R2
)
+O
(
ǫ2
)]
, (73)
2
3
R =
2√
g
gµν
δ
δgµν
∫
d4x
√
g
(
RαβRαβ − 5
18
R2
)
. (74)
These formulae, combined with (69), give
2√
g
gµν
δ
δgµν
∫
ddx
√
g Fd = −ǫ F +O
(
ǫ2
)
(75)
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in which the R term is now absent.
For d = 6 we proceed in a similar way. We expand the d-dimensional counterterms around d = 6 to
identify the finite contributions as
Idi = Ii + (d− 6)
∂Idi
∂d
∣∣∣∣
d=6
= Ii − ǫ ∂I
d
i
∂d
∣∣∣∣
d=6
. (76)
Using (76) in the d-dimensional counterterms, we have
−1
ǫ
∫
ddx
√
g Idi = −
1
ǫ
∫
ddx
√
g Ii +
∫
ddx
√
g
∂Idi
∂d
∣∣∣∣
d=6
. (77)
This implies, due to (59) and (64), that
− 1
ǫ
2√
g
gµν
δ
δgµν
∫
ddx
√
g Ii = Ii − 2√
g
gµν
δ
δgµν
∫
ddx
√
g
∂Idi
∂d
∣∣∣∣
d=6
(78)
and hence
2√
g
gµν
δ
δgµν
∫
ddx
√
g
∂Idi
∂d
∣∣∣∣
d=6
= −∇µJµi . (79)
This clearly identifies the local counterterms that we can add to (56) in order to arbitrarily vary the
coefficients ci in (61). They are given by the derivatives of the d-dimensional terms Ii evaluated at d = 6,
linearly combined with arbitrary coefficients c′i
Γ′Ct[g] = −µ
−ǫ
ǫ
∫
ddx
√
g
( 3∑
i=1
ci Ii + aE6
)
+
∫
d6x
√
g
3∑
i=1
c′i
∂Idi
∂d
∣∣∣∣
d=6
(80)
which gives
〈
T ′
〉 ≡ 2√
g
gµν
δΓ′Ct[g]
δgµν
∣∣∣∣
d→4
=
3∑
i=1
ci Ii + aE6 +
3∑
i=1
(
ci − c′i
) ∇µJµi . (81)
The choice c′i = ci in (80) then allows to move back to the alternative scheme in which the local anomaly
contribution is not present. We list the three local counterterms of (80). They are given by
∂Id1
∂d
∣∣∣∣
d=6
=
1
16000
(
− 307K1 + 3465K2 − 540K3 − 3750K4 + 6000K5 + 3000K6
)
,
∂Id2
∂d
∣∣∣∣
d=6
=
1
4000
(
− 167K1 + 1965K2 − 540K3 − 2750K4 + 3000K5 + 3000K6
)
,
∂Id3
∂d
∣∣∣∣
d=6
=
1
500
(
− 18K1 + 140K2 − 90K3 − 70K9 + 500K10 − 250K11 + 25K12
− 625K13 + 750K15
)
.
(82)
Finally, in general one might also be interested to generate an anomaly functional in which the derivative
terms appear in combinations thata are different from those in the trace anomaly equation (5). For this
goal, one should use proper linear combinations of the Ki according to the relations listed in (A.2).
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4.3 Gauging 6-dimensional counterterms
At this point we follow the same approach as in [20] to Weyl-gauge the renormalized effective action.
We expand the gauged counterterms in a double power series with respect to ǫ = 6− d and κΛ ≡ 1/Λ
around (ǫ, κΛ) = (0, 0). In their formal expansion
−1
ǫ
∫
ddx
√
gˆ Iˆi (Eˆ6) = −1
ǫ
∫
ddx
∞∑
i,j=0
1
i!j!
ǫi (κΛ)
j
∂i+j
(√
gˆ Iˆi (Eˆ6)
)
∂ǫi ∂κjΛ
(83)
only the O(ǫ) contributions are significant, due to the 1/ǫ factor in front of the counterterms. On the
other hand, similarly to the case in 4 dimensions, the condition
∂n
(√
gˆ Iˆi(Eˆ6)
)
∂κnΛ
= O(ǫ2) , n ≥ 7 (84)
holds, as the Euler density and the three conformal invariants are at most cubic in the Riemann tensor
and in its double covariant derivatives. Besides, there are no terms with more than two dilatons in the
gauged Riemann tensor (see Appendix A). All the terms which are of O(1/ǫ) in (83) and are different from
Ii (E6) are found to vanish after some integrations by parts. So in general, after gauging the counterterms
we end up with the general result
−µ
−ǫ
ǫ
∫
ddx
√
gˆ Iˆi (Eˆ6) = −µ
−ǫ
ǫ
∫
ddx
√
g Ii (E6) + Σi(a) +O(ǫ) . (85)
where the Σ’s are
Σ1 =
∫
d6x
√
g
{
− τ
Λ
(
I1 +∇µJµ1
)
+
1
Λ2
[
3
4
Rµρσα Rνρσα ∂µτ ∂ντ − 3
40
Rµνρσ Rµνρσ (∂τ)
2 − 3
10
R (∇∂τ)2
+
9
4
Rµρσν Rρσ ∂µτ ∂ντ − 3Rµνρσ∇ν∂ρτ ∇µ∂στ − 57
800
R2 (∂τ)2
− 21
16
RµρRρ
ν ∂µτ ∂ντ − 9
4
Rµν τ ∇µ∂ντ + 57
160
Rµν Rµν (∂τ)
2
+
3
2
Rµν∇ρ∂µτ ∇ρ∂ντ + 57
80
RRµν∂µτ ∂ντ +
57
160
R (τ)2
]
+
1
Λ3
[
− 7
16
(τ)3 +
3
2
(∇∂τ)2 τ − 6Rµνρσ ∂ρτ ∂ντ ∇µ∂στ
+3Rµν ∇ρ∂ντ ∂µτ ∂ρτ − 9
4
Rµν ∂µτ ∂ντ τ − 3
5
R∂µτ ∂ντ ∇µ∂ντ
]
+
1
Λ4
[
− 3
2
(∂τ)2 (∇∂τ)2 − 3
8
(∂τ)2 (τ)2 +
3
4
∂µ (∂τ)2 ∂µ (∂τ)
2 − 3
20
R (∂τ)4
]
+
1
Λ5
3
2
(∂τ)4 τ − (∂τ)
6
Λ6
}
, (86)
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for the first
Σ2 =
∫
d6x
√
g
{
− τ
Λ
(
I2 +∇µJµ2
)
+
1
Λ2
[
3Rµρσα Rνρσα ∂µτ ∂ντ +
27
40
R (τ)2 − 6
5
R (∇∂τ)2 − 27
200
R2 (∂τ)2
− 3
10
Rµνρσ Rµνρσ (∂τ)
2 + 3Rµρσν Rρσ ∂µτ ∂ντ − 15
4
RµρRρ
ν ∂µτ ∂ντ
− 3Rµν ∇ν∂µτ τ + 27
40
Rµν Rµν (∂τ)
2 + 6Rµν ∇ρ∂µτ ∇ρ∂ντ + 27
20
RRµν ∂µτ ∂ντ
]
+
1
Λ3
[
11
4
(τ)3 − 6 (∇∂τ)2 τ − 8Rµν ∇ρ∂ντ ∂µτ ∂ρτ − 6Rµν ∇µ∂ντ (∂τ)2
+8Rµνρσ ∂ντ ∂ρτ ∇µ∂στ + 5Rµν ∂µτ ∂ντ τ + 18
5
R∂µτ ∂ντ ∇µ∂ντ + 3R (∂τ)2 τ
]
+
1
Λ4
[
6 (∂τ)2 (∇∂τ)2 − 9
2
(∂τ)2 (τ)2 − 3 ∂µ (∂τ)2 ∂µ (∂τ)2 − 3
5
R (∂τ)4
]
+
6
Λ5
(∂τ)4 τ − 4
Λ6
(∂τ)6
}
, (87)
for the second and
Σ3 =
∫
d6x
√
g
{
− τ
Λ
(
I3 +∇µJµ3
)
+
1
Λ2
[
− 3
25
R2 (∂τ)2 +
13
10
RµνR∂µτ∂ντ − 2
5
Rµνρσ Rµνρσ (∂τ)
2
+
9
10
R (τ)2 − 3
10
R∂µτ ∂µτ − 12
5
R (∇∂τ)2 − 5Rµρ Rρν ∂µτ ∂ντ
+7Rµν ∇µ∂ντ τ − 9Rµν ∂µτ ∂ντ −τ 2τ + 2
5
Rµν Rµν (∂τ)
2
+8Rµν ∇ρ∇ν∂µτ ∂ρτ + 16Rµνρσ ∇ν∂ρτ ∇µ∂στ
]
+
1
Λ3
[
2 (τ)3 − 8 (∇∂τ)2 τ − 16
5
R∂µτ∂ντ ∇µ∂ντ + 8Rµν ∂µτ ∂ντ τ
+32Rµνρσ ∂ντ ∂ρτ ∇µ∂στ
]
+
1
Λ4
[
− 4 (∂τ)2 (τ)2 − 4 ∂µ (∂τ)2 ∂µ (∂τ)2 + 16 (∂τ)2 (∇∂τ)2 − 4
5
R (∂τ)4
]}
(88)
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for the third invariant, while the contribution from the integrated Euler density is
Σa =
∫
d6x
√
g
{
− τ
Λ
E6 +
1
Λ2
[
12Rµρσα Rνρσα ∂µτ ∂ντ − 3Rµνρσ Rµνρσ (∂τ)2
+24Rµρσν Rρσ ∂µτ ∂ντ + 12R
µν Rµν (∂τ)
2 − 24Rµρ Rνρ ∂µτ ∂ντ + 12RRµν ∂µτ ∂ντ − 3R2 (∂τ)2
]
+
1
Λ3
[
16Rµνρσ ∂ντ ∂ρτ ∇µ∂στ − 16Rµν ∇µ∂ντ (∂τ)2 + 32Rµν ∇µ∂ρτ ∇ρ∂ντ
− 8R∂µτ∂ντ ∇µ∂ντ + 8R (∂τ)2 τ − 16Rµν ∂µτ ∂ντ
]
+
1
Λ4
[
24 (∂τ)2 (∇∂τ)2 − 24 (∂τ)2 (τ)2 − 6R (∂τ)4
]
+
36
Λ5
τ (∂τ)4 − 24
Λ6
(∂τ)6
}
. (89)
The derivation of (86)-(89) is very involved and we have used several integration by parts to simplify
the previous expressions. The Wess-Zumino effective action is then obtained from (45) and, in a general
gravitational background, it is just given by the combination of (86)-(89) with the proper coefficients, up
to a minus sign, i.e.
ΓWZ [g, τ ] = −
( 3∑
i=1
ci Σi + aΣa
)
. (90)
In the flat space-time limit (gµν → δµν) there are obvious simplifications and this takes the form
ΓWZ [δ, τ ] = −
∫
d6x
√
g
{
− c3
Λ2
τ 2τ +
1
Λ3
[(
− 7
16
c1 +
11
4
c2 + 2 c3
)
(τ)3
+
(
3
2
c1 − 6 c2 − 8 c3
)
(∂∂τ)2 τ
]
+
1
Λ4
[(
− 3
2
c1 + 6 c2 + 16 c3 + 24 a
)
(∂τ)2 (∂∂τ)2
−
(
3
8
c1 +
9
2
c2 + 4 c3 + 24 a
)
(∂τ)2 (τ)2 +
(
3
4
c1 − 3 c2 − 4 c3
)
∂µ (∂τ)2 ∂µ (∂τ)
2
]
1
Λ5
(
3
2
c1 + 6 c2 + 36 a
)
(∂τ)4 τ − 1
Λ6
(
c1 + 4 c2 + 24 a
)
(∂τ)6
}
. (91)
Having obtained the most general form for the Wess-Zumino action for conformal anomalies in 6 dimen-
sions, we now turn to discuss one specific example in d = 6, previously studied within the AdS/CFT
correspondence. This provides an application of the results of the previous sections.
4.4 The WZ action action for a free CFT: the (2, 0) tensor multiplet
In this section we are going to determine the coefficients of the WZ action for the (2,0) tensor multiplet
in d = 6, which has been investigated in the past in the context of the AdS7/CFT6 holographic anomaly
matching.
Free field realizations of CFT’s are particularly useful in the analysis of the anomalies and their
matching between theories in regimes of strong and weak coupling, allowing to relate free and interacting
theories of these types. In this respect, the analysis of correlation functions which can be uniquely
fixed by the symmetry is crucial in order to compute the anomaly for theories characterized by different
field contents in general spacetime dimensions. This is the preliminary step in order to investigate the
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matching with other realizations which share the same anomaly content. These are correlation functions
which contain up to 3 EMT’s and that can be determined uniquely, in any dimensions, modulo a set of
coefficients, such as the number of fermions, scalars and/or spin 1, which can be fixed within a specific
field theory realization [36, 37]
While in d = 4 these correlation functions can be completely identified by considering a generic theory
which combines free scalar, fermions and gauge fields [36, 37],[38], in d dimensions scalars and fermions
need to be accompanied not by a spin 1 (a one-form) but by a κ -form (d = 2κ + 2). In d = 6 this is a
2-form, Bµν [25].
Coming to specific realizations and use of CFT’s in d = 6, we mention that, for instance, the dynamics
of a single M5 brane is described by a free N = (2, 0) tensor multiplet which contains 5 scalars, 2 Weyl
fermions and a 2-form whose strength is anti-selfdual. For N coincidentM5 branes, at large N values, the
anomaly matching between the free field theories realizations and the interacting (2, 0) CFT’s, investigated
in the AdS7×S4 supergravity description, has served as an interesting test of the correspondence between
the A and B parts of the anomalies in both theories [25, 24].
We have summarized in Table 1 the coefficients of the WZ anomaly action in the case of a scalar, a
fermion and a non-chiral Bµν form, which are the fields appearing in the (2,2) CFT. Anomalies in the
(2,0) and the (2,2) theories are related just by a factor 1/2, after neglecting the gravitational anomalies
related to the imaginary parts of the (2,0) multiplet [25].
We have extracted the anomaly coefficients in Table 1 from [25], having performed a redefinition of
the third invariant I3 in the structure of the anomaly functional (5). We choose to denote with I˜i, J˜i and
c˜i the anomaly operators and coefficients in [25]
I˜1 = I1 , I˜2 = I2 , I˜3 = 3 I3 + 8 I1 − 2 I2 . (92)
Actually in [25] the third conformal invariant is given by
I˜3 ≡ Cαγρσ
(
δα
β
− 4Rαβ + 6
5
δα
β R
)
Cβγρσ +
(
8 δα
κ δβ
λ − 1
2
gαβ g
κλ
)
∇κ∇λCαγρσ Cβγρσ , (93)
which differs from our choice, reported in Appendix A. The relation in (92) between the third invariant
I˜3 and I3 can be derived expanding (93) on the basis of the K-scalars given in Sec. 2.1 and comparing it
to the third of (8).
In light of (92), as the conformal anomalies depend only on the field content of the theory, i.e.
A[g] =
3∑
i=1
ci (Ii +∇µJµi ) =
3∑
i=1
c˜i
(
I˜i +∇µJ˜µi
)
, (94)
by replacing (92) on the r.h.s. of (94), we conclude that the relations between the anomaly coefficients c˜i
and ci are
c1 = c˜1 + 8 c˜3 , c2 = c˜2 − 2 c˜3 , c3 = 3 c˜3 . (95)
The WZ action can be derived from Eq. (90) by inserting the expressions of the ci’s and a extracted from
Table 1. These can be specialized to the scalar (S), fermion (F) and to the 2-form (B) cases, thereby
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I c1 × 7! (4π)3 c2 × 7! (4π)3 c3 × 7! (4π)3 a× 7! (4π)3
S 203 −73 6 − 572
F 643 −112 120 −19172
B −36883 −34583 540 −2214
T −560 −700 420 −2458
Table 1: Anomaly coefficients for a conformally coupled scalar (S), a Dirac Fermion (F), a 2-form field
(B) and the chiral (2, 0) tensor multiplet (T), to be normalized by an overall 1/(7! (4π)3)
generating via (94) the corresponding anomaly functionals. For the (2, 0) tensor multiplet this is obtained
from the relation
AT [g] = 1
2
(
10AS [g] + 2AF [g] +AB [g]
)
. (96)
5 Dilaton interactions and constraints from ΓWZ
Having extracted the structure of the Wess-Zumino action and thus of the anomaly-related dilaton inter-
actions via the Weyl gauging of the effective action, we now follow a perturbative approach in the inverse
conformal scale κΛ =
1
Λ . We proceed with a Taylor expansion of the gauged metric, which is given by
gˆµν = gµν e
−2κΛτ =
(
δµν + κhµν
)
e−2κΛτ =
(
δµν + κhµν
) ∞∑
n=0
(−2)n
n!
(κΛ τ)
n , (97)
where κ is the gravitational coupling constant in 6 dimensions and we are using Euclidean conventions. As
we are considering only the dilaton contributions, we focus on the functional expansion of the renormalized
and Weyl-gauged effective action Γˆren[g, τ ] with respect to κΛ. This is easily done using the relation
∂Γˆren[g, τ ]
∂κΛ
=
∫
ddx
δΓˆren[g, τ ]
δgˆµν(x)
∂gˆµν(x)
∂κΛ
. (98)
Applying (98) repeatedly and taking (97) into account, the perturbative series takes the form
Γˆren[g, τ ] = Γren[g, τ ] +
1
2! Λ2
∫
ddx1d
dx2
δ2Γˆren[g, τ ]
δgˆµ1ν1(x1)δgˆµ2ν2(x2)
∂gˆµ1ν1(x1)
∂κΛ
∂gˆµ2ν2(x2)
∂κΛ
+
1
3!Λ3
(∫
ddx1d
dx2d
dx3
δ3Γˆren[g, τ ]
δgˆµ1ν1(x1)δgˆµ2ν2(x2)δgˆµ3ν3(x3)
∂gˆµ1ν1(x1)
∂κΛ
∂gˆµ2ν2(x2)
∂κΛ
∂gˆµ3ν3(x3)
∂κΛ
+3
∫
ddx1d
dx2
δ2Γˆren[g, τ ]
δgˆµ1ν1(x1)δgˆµ2ν2(x2)
∂2gˆµ1ν1(x1)
∂κ2Λ
∂gˆµ2ν2(x2)
∂κΛ
)
+ . . . (99)
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As we are interested in the flat space limit of the dilaton action, we write (99) by taking the limit of a
conformally flat background metric (gˆµν → δˆµν ≡ δµν e−2κΛτ ) obtaining
Γˆren[δ, τ ] = Γren[δ, τ ] +
1
2! Λ2
∫
ddx1d
dx2 〈T (x1)T (x2)〉 τ(x1)τ(x2)
− 1
3! Λ3
[ ∫
ddx1d
dx2d
dx3 〈T (x1)T (x2)T (x3)〉 τ(x1)τ(x2)τ(x3)
+ 6
∫
ddx1d
dx2 〈T (x1)T (x2)〉 (τ(x1))2τ(x2)
]
+ . . . , (100)
where we have used Eq. (10) in the definition of the correlators of the EMT’ s and the obvious relation
∂ngˆµν(x)
∂κnΛ
∣∣∣∣
gµν=δµν ,κΛ=0
= (−2)n (τ(x))n δµν . (101)
From (100) one may identify the expression of the flat limit of the Wess-Zumino action ΓWZ = Γren[δ, τ ]−
Γˆren[δ, τ ] written in terms of the trace n-point correlators of EMT’s. This expression has to coincide with
Eq. (91), and by comparing the dilaton vertices extracted from (100) and (91) one can easily obtain some
consistency conditions between the two forms of the vertices. In particular, in any even d dimensions the
first d correlators follow rather directly from the expressions of the first d dilaton interactions. These are
the only non vanishing ones. At the same time, any correlator of rank-n with n > d can be evaluated
by requiring that all the vertices with more than d dilatons vanish identically, thus allowing to extract
recursively all the EMT’s Green functions of the corresponding rank.
We denote with In(x1, . . . , xn) the dilaton vertices obtained by the functional differentiations of the
Wess-Zumino action, expressed in the coordinate space
In(x1, . . . , xn) =
δn
(
Γˆren[δ, τ ] − Γren[δ, τ ]
)
δτ(x1) . . . δτ(xn)
= − δ
nΓWZ[δ, τ ]
δτ(x1) . . . δτ(xn)
(102)
which can be promptly transformed to momentum space. The expressions of such vertices up to the sixth
order in κΛ in momentum space are given by
I2(k1,−k1) = κ2Λ 〈T (k1)T (−k1)〉 ,
I3(k1, k2, k3) = −κ3Λ
[
〈T (k1)T (k2)T (k3)〉+ 2
3∑
i=1
〈T (ki)T (−ki)〉
]
,
I4(k1, k2, k3, k4) = κ4Λ
[
〈T (k1)T (k2)T (k3)T (k4)〉+ 2
∑
T {4,(ki1 ,ki2)}
〈T (ki1 + ki2)T (ki3)T (ki4)〉
+4
(
1
2
∑
T {4,(ki1 ,ki2 )}
〈T (ki1 + ki2)T (ki3 + ki4)〉+
4∑
i=1
〈T (ki)T (−ki)〉
)]
,
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I5(k1, k2, k3, k4, k5) = −κ5Λ
[
〈T (k1)T (k2)T (k3)T (k4)T (k5)〉
+2
∑
T {5,(ki1 ,ki2)}
〈T (ki1 + ki2)T (ki3)T (ki4)T (ki5)〉
+4
( ∑
T {5,(ki1 ,ki2 ,ki3)}
〈T (ki1 + ki2 + ki3)T (ki4)T (ki5)〉
+
∑
T {5,[(ki1 ,ki2),(ki3 ,ki4)]}
〈T (ki1 + ki2)T (ki3 + ki4)T (ki5)〉
)
+8
( ∑
T {5,(ki1 ,ki2 )}
〈T (ki1 + ki2)T (−ki1 − ki2)〉+
5∑
i=1
〈T (ki)T (−ki)〉
)]
.
I6(k1, k2, k3, k4, k5, k6) = κ6Λ
[
〈T (k1)T (k2)T (k3)T (k4)T (k5)T (k6)〉
+2
∑
T {6,(ki1 ,ki2)}
〈T (ki1 + ki2)T (ki3)T (ki4)T (ki5)T (ki6)〉
+4
( ∑
T {6,(ki1 ,ki2 ,ki3)}
〈T (ki1 + ki2 + ki3)T (ki4)T (ki5)T (ki6)〉
+
∑
T {6,[(ki1 ,ki2),(ki3 ,ki4)]}
〈T (ki1 + ki2)T (ki3 + ki4)T (ki5)T (ki6)〉
)
+8
( ∑
T {6,(ki1 ,ki2 ,ki3 ,ki4)}
〈T (ki1 + ki2 + ki3 + ki4)T (ki5)T (ki6)〉
+
∑
T {6,[(ki1 ,ki2 ,ki3),(ki4 ,ki5 )]}
〈T (ki1 + ki2 + ki3)T (ki4 + ki5)T (ki6)〉
+
∑
T {6,[(ki1 ,ki2),(ki3 ,ki4)]}
〈T (ki1 + ki2)T (ki3 + ki4)T ((ki5 + ki6))〉
)
+16
(
1
2
∑
T {6,(ki1 ,ki2 ,ki3)}
〈T (ki1 + ki2 + ki3)T (−ki1 − ki2 − ki3)〉
+
∑
T {6,(ki1 ,ki2)}
〈T (ki1 + ki2)T (−ki1 − ki2)〉+
6∑
i=1
〈T (ki)T (−ki)〉
)]
. (103)
These results can be easily extended to any higher order. The recipe, in this respect, is quite simple. To
construct the vertex at order n one has to sum to the n-point function all the lower order functions in
the hierarchy, down to n = 2, partitioning the momenta in all the possible ways and symmetrising each
single contribution. The normalization factor in front of the correlator of order-k is always 2n−k, while
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the factor in front of the vertex of order n is (−κΛ)n. Notice that, for n even, we have an additional 1/2
factor in front of the contributions from the two-point functions in which each EMT carries n/2 momenta,
to avoid double counting. All the expressions in (103) have been thoroughly checked in 2 dimensions, as
illustrated in Appendix B, being their expression valid for any dimension.
We briefly recall the meaning of the notation used in (103) to organize the momenta. The symbol
T {n, . . . } is used to denote groups of momenta in the n-point function. For example T {4, (ki1 , ki2)}
denotes, in the four point functions, the six possible pairs of distinct momenta.
T {4, (ki1 , ki2)} = {(k1, k2), (k1, k3), (k1, k4), (k2, k3), (k2, k4), (k3, k4)} , (104)
where we are combining the 4 momenta k1, ...k4 into all the possible pairs, for a total of
(4
2
)
terms.
Moving to higher orders, the description of the momentum dependence is more complicated and we need to
distribute the external momenta into several groups. For instance, the notation T {5, [(ki1 , ki2), (ki3 , ki4)]}
denotes the set of independent paired couples which can be generated out of 5 momenta. Their number
is 15 and they are given by
T {5, [(ki1 , ki2), (ki3 , ki4)]} = {[(k1, k2), (k3, k4)], [(k1, k2), (k3, k5)], [(k1, k2), (k4, k5)]
[(k1, k3), (k2, k4)], [(k1, k3), (k2, k5)], [(k1, k3), (k4, k5)], [(k1, k4), (k2, k3)], [(k1, k4), (k2, k5)], [(k1, k4), (k3, k5)],
[(k1, k5), (k2, k3)], [(k1, k5), (k2, k4)], [(k1, k5), (k3, k4)], [(k2, k3), (k4, k5)], [(k2, k4), (k3, k5)], [(k2, k5), (k3, k4)]} .
(105)
At this point we move on to the evaluation of dilaton interactions and, consequently, of the first 6 traced
correlators, being clear from (103) that a direct computation of I2 − I6 from the anomaly action (91)
allows to extract the structure of these Green functions. Thus the dilaton interactions are
I2(k1,−k1) = 2
Λ2
c3 k
6
1 ,
I3(k1, k2, k3) = 1
Λ3
[(
21
8
c1 − 33
2
c2 − 12 c3
)
k21 k
2
2 k
2
3
+
(
− 3 c1 + 12 c2 + 16 c3
)(
k21 (k2 · k3)2 + k22 (k1 · k3)2 + k23 (k1 · k2)2
)]
,
I4(k1, k2, k3, k4) = 1
Λ4
[(
6 c1 − 24 c2 − 64 c3 − 96 a
) ∑
T {4,(ki1 ,ki2 )}
ki1 · ki2 (ki3 · ki4)2
+
(
3
2
c1 + 18 c2 + 16 c3 + 96 a
) ∑
T {4,(ki1 ,ki2)}
ki1 · ki2 k2i3 k2i4
+
(
− 6 c1 + 24 c2 + 32 c3
) ∑
T {4,[(ki1 ,ki2 ),(ki3 ,ki4)]}
(ki1 + ki2) · (ki3 + ki4) ki1 · ki2 ki3 · ki4
]
,
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I5(k1, k2, k3, k4, k5) = − 12
Λ5
(
c1 + 4 c2 + 24 a
)
×
∑
T {5,(ki1 ,ki2 ,ki3 ,ki4)}
k2i5 (ki1 · ki2 ki3 · ki4 + ki1 · ki3 ki2 · ki4 + ki1 · ki4 ki2 · ki3) ,
I6(k1, k2, k3, k4, k5, k6) = 48
Λ6
(
c1 + 4 c2 + 24 a
) ∑
T {6,[(ki1 ,ki2),(ki3 ,ki4),(ki5 ,ki6)]}
ki1 · ki2 ki3 · ki4 ki5 · ki6 ,
(106)
(with kni ≡ (k2i )n/2).
These vertices can be used together with the relations (103) in order to extract the structure of the
traced correlators. We find that the first two of them are given by
〈T (k1)T (−k1)〉 = 2 c3 k61 ,
〈T (k1)T (k2)T (k3)〉 =
(
3 c1 − 12 c2 − 16 c3
)(
k21 (k2 · k3)2 + k22 (k1 · k3)2 + k23 (k1 · k2)2
)
−
(
21
8
c1 − 33
2
c2 − 12 c3
)
k21 k
2
2 k
2
3 − 4 c3
(
k61 + k
6
2 + k
6
3
)
. (107)
The structure of the four point Green function is much more complicated and is summarized in the
expression
〈T (k1)T (k2)T (k3)T (k4)〉 =
[
4 c3
(
7 f2i,2i,2i + 6 f2i,2i,ij + 3 f2i,2i,2j + 12 f2i,ij,ij + 12 f2i,2j,ij + 8 f ij,ij,ij
)
+
(
− 18 c1 + 72 c2 + 96 c3
)
f2i,jk,jk + 4
(
24 a+ 3 c1 − 12 c2 − 8 c3
)
f2i,2j,kl
− 6
(
16 a+ c1 − 4 c2
)
f ij,kl,kl +
(
63
4
c1 − 99 c2 − 72 c3
)
f2i,2j,2k
+
(
− 6 c1 + 24 c2 + 32 c3
)(
2 f2i,jk,jl + f ij,ik,jl
)]
. (108)
Here we have introduced a compact notation for the basis of the 12 scalar functions f ...(k1, k2, k3, k4)
on which the correlator is expanded, leaving their dependence on the momenta implicit not to make
the formula clumsy. As each term in the Green function is necessarily made of three scalar products of
momenta, the role of the tree superscripts on each of the f scalars is to specify the way in which the
momenta are distributed. We present below the expressions of the first four scalar f ’s, from which it
should be clear how to derive the explicit forms of all the others. We obtain
f2i,2i,2i(k1, k2, k3, k4) =
4∑
i=1
(ki)
6 ,
f2i,2i,ij(k1, k2, k3, k4) =
4∑
i=1
(ki)
4
∑
j 6=i
ki · kj ,
(109)
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f2i,2i,2j(k1, k2, k3, k4) =
4∑
i=1
(ki)
4
∑
j 6=i
k2j ,
f2i,ij,ij(k1, k2, k3, k4) =
4∑
i=1
(ki)
2
∑
j 6=i
(ki · kj)2 . (110)
Notice that each f -scalar is completely symmetric with respect to any permutation of the momenta,
as for the whole correlator. The structure of the 5 and 6-point functions is similar to (107), although
they require broader bases of scalar functions to account for all their terms and we do not report them
explicitly.
It is clear that the hierarchy in Eq. (13) can be entirely re-expressed in terms of the first six traced
correlators. In fact, one notices that ΓWZ [δˆ] is at most of order 6 in τ , with
In(x1, . . . , xn) = 0 , n ≥ 7 . (111)
Therefore, for instance, the absence of vertices with 7 dilaton external lines, which sets I7 = 0, combined
with the first 6 fundamental Green functions, are sufficient to completely fix the structure of the 7-point
function, and so forth for the vertices of higher orders. In this way one can determine all the others
recursively, up to the desired order. The consistency of these relations could be checked, in principle, by
a direct comparison with their expression obtained directly from the hierarchy (13). This requires the
explicit computation of functional derivatives of the anomaly functional A up to the relevant order, which
is a much more time-consuming task.
6 Conclusions
We have presented a derivation of the Wess-Zumino conformal anomaly action using the Weyl gauging of
the anomaly counterterms in d = 6, previously discussed by us in the case of d = 4. We have focused our
attention on the contributions related to the local part of the anomaly. This result adds full generality to
the analysis of dilaton effective actions, which carry an intrinsic regularization scheme dependence, due to
the appearance in the anomaly functional of extra (total derivative) terms. In general, the extraction of
these extra contributions, as one can figure out from our study, is very involved, with a level of difficulty
that grows with the dimensionality of the space in which the underlying CFT is formulated. Our main
result for the WZ dilaton action in d = 6 takes a simple form in flat space (91), and is characterized
by 4 independent parameters ci and a, which express the field (particle) content of a certain conformal
realization. Comparing our results with those of the previous literature [24], we have given the form
of the WZ action in the case of the CFT of the (2, 0) tensor multiplet, which, in the past, has found
application in the AdS7/CFT6 correspondence. We have also shown, in a second part of our analysis,
using the structure of the dilaton action, that multiple correlators of traces of the EMT, for a theory with
a certain anomaly content, are functionally related to correlation functions up to the sixth order and we
have presented their explicit expressions up to rank-4.
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A Technical results
The definition of the Fourier transform for Eq. (10) as well as for any n-point correlator is given by
∫
ddx1 . . . d
dxn 〈T µ1ν1(x1) . . . T µnνn(xn)〉 e−i(k1·x1+···+kn·xn) = (2π)d δ(d)
(
n∑
i=1
ki
)
〈T µ1ν1(k1) . . . T µnνn(kn)〉
(112)
with all the momenta in the vertex taken as incoming. For the Riemann tensor we choose to adopt the
sign convention
Rλµκν = ∂νΓ
λ
µκ − ∂κΓλµν + ΓλνηΓηµκ − ΓλκηΓηµν . (113)
The traceless part of the Riemann tensor in d dimensions is the Weyl tensor
Cαβγδ = Rαβγδ− 1
d− 2(gαγ Rβδ−gαδ Rβγ−gβγ Rαδ+gβδ Rαγ)+
R
(d− 1)(d − 2) (gαγ gβδ−gαδ gβγ) . (114)
It is also customary to introduce the Cotton tensor,
C˜αβγ = ∇γKαβ −∇βKαγ , where Kαβ = 1
d− 2
(
Rαβ − gαβ
2 (d − 1) R
)
. (115)
The Weyl variations of the Christoffel symbols are
δWΓ
α
βγ = −gβγ ∂ασ + δβα ∂γσ + δγα ∂βσ ⇒ δWΓααγ = d ∂γσ ,
∇ρδWΓαβγ = −gβγ ∇ρ∂ασ + δβα∇ρ∂γσ + δγα∇ρ∂βσ ⇒ δW∇ρΓααγ = d∇ρ∂γσ , (116)
which, using the Palatini identity
δRαβγρ = ∇ρ(δΓαβγ)−∇γ(δΓαβρ) ⇒ δRβρ = ∇ρ(δΓλβλ)−∇λ(δΓλβρ) (117)
give the following Weyl variations of the Riemann and Ricci tensors
δWR
α
βγρ = gβρ∇γ∂ασ − gβγ ∇ρ∂ασ + δγα∇ρ∂βσ − δρα∇γ∂βσ ,
δWRβρ = gβρσ + (d− 2)∇ρ∂βσ . (118)
Is is also easy to use (116)-(118) to show that the variation of the Cotton tensor is simply given by
δW C˜αβγ = −∂λσ Cλαβγ , (119)
which is expressed in terms of the Weyl tensor.
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A.1 Weyl scalars and the Euler density
The three dimension-6 scalars that are Weyl invariant when multiplied by
√
g and available in d dimensions
are
Id1 ≡ Cµναβ Cµρσβ Cνρσα =
d2 + d− 4
(d− 1)2 (d− 2)3 K1 −
3 (d2 + d− 4)
(d− 1) (d − 2)3 K2 +
3
2 d2 − 6 d+ 4 K3
+
6 d− 8
(d− 2)3 K4 −
3 d
(d− 2)2 K5 −
3
d− 2 K6 +K8
Id2 ≡ Cµναβ Cαβρσ Cµνρσ =
8 (2 d − 3)
(d− 1)2 (d− 2)3 K1 +
72− 48 d
(d− 1) (d − 2)3 K2 +
6
d2 − 3 d + 2 K3
+
16 (d − 1)
(d− 2)2 K4 −
24
(d− 2)2 K5 −
12
d− 2 K6 +K7
Id3 ≡
d− 10
d− 2
(
∇αCβγρσ∇αCβγρσ − 4 (d− 2) C˜γρσ C˜γρσ
)
+
4
d− 2
(
+
2
(d− 1) R
)
Cαβρσ Cαβρσ
=
16
(d2 − 3d+ 2)2 K1 −
32
(d− 1) (d− 2)2 K2 +
8
d2 − 3 d+ 2K3 +
16
(d− 1) (d − 2)2 K9
− 32
(d− 2)2 K10 +
8
d− 2 K11 +
4 (d− 6)
(d− 1) (d − 2)2 K12 +
88− 12 d
(d− 2)2 K13 +K14 +
8 (d− 10)
(d− 2)2 K15 .
(120)
In the gauging of the counterterms we use the following relations
Γˆαβγ = Γ
α
βγ +
1
Λ
(
δβ
α∇γτ + δγα∇βτ − gβγ ∇ατ
)
,
Rˆµνρσ = R
µ
νρσ + gνρ
(∇σ∂µτ
Λ
+
∂µτ ∂στ
Λ2
)
− gνσ
(∇ρ∂µτ
Λ
+
∂µτ ∂ρτ
Λ2
)
+ δµσ
(∇ρ∂ντ
Λ
+
∂ντ ∂ρτ
Λ2
)
− δµρ
(∇σ∂ντ
Λ
+
∂ντ ∂στ
Λ2
)
+
(
δµρ gνσ − δµσ gνρ
)
(∂τ)2
Λ2
,
Rˆµν = Rµν − gµν
(
τ
Λ
− (d− 2) (∂τ)
2
Λ2
)
− (d− 2)
(∇µ∂ντ
Λ
+
∂µτ ∂ντ
Λ2
)
,
Rˆ ≡ gˆµν Rˆµν = e 2 τΛ
[
R− 2 (d− 1) τ
Λ
+ (d− 1) (d − 2) (∂τ)
2
Λ2
]
. (121)
A.2 Functional variations
The results for the trace anomaly given in section 4.1, are obtained by computing the functional variations
of the integrals of the Ki in Dimensional Regularization. A simple counting of the metric tensors needed
to contract all the indices for any Ki shows that
δW
∫
ddx
√
g Ki =
∫
ddx
√
g [−ǫKi +D(Ki)] σ , ǫ = 6− d , (122)
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where the second term on the right hand side, D(Ki), is a total derivative contribution. We give the
complete list of these terms below. We obtain
D(K1) = 12 (d − 1)∇µ (R∂µR)
D(K2) = ∇µ
[
4 (d− 1)Rνρ∇µRνρ + 2 (d− 2) Rµν ∂νR+ (d+ 2) R∂µR
]
D(K3) = 4∇µ
[
R∂µR+ 2Rµν ∂νR+ (d− 1) Rνρσα∇µRνρσα
]
D(K4) = 3∇µ
[
d− 2
2
Rµν ∂νR+ (d− 2)Rνρ∇ρRµν + 2Rνρ∇µRνρ
]
D(K5) = ∇µ
[
−R∂µR−Rµν ∂νR+ 2 (d− 1) Rνρ∇ρRµν − 2 dRνρ∇µRνρ + 2 (d− 2) Rµρνσ∇σRνρ
]
D(K6) = ∇µ
[
2Rµν ∂νR+ 4Rνρ∇µRνρ + d+ 2
2
Rνρσα∇µRνρσα − 2 dRµρνσ∇σRνρ
]
D(K7) = 6∇µ
[
Rνρσα∇µRνρσα + 4Rνρσµ∇ρRνσ
]
D(K8) = 3∇µ
[
1
2
Rνρσα∇µRνρσα + 2Rνρ (∇ρRµν −∇µRνρ)
]
D(K9) = ∇µ
[
4 (d− 1) ∂µR− (d− 2) R∂µR
]
D(K10) = ∇µ
[
2 ∂µR+ 2 (d− 2) ∇νRµν + 2Rµν ∂νR− 4Rνρ∇ρRµν − (d− 2) Rνρ∇µRνρ
]
D(K11) = ∇µ
[
8∇νRµν − (d+ 2) Rνρσα∇µRνρσα − 16Rµρνσ∇σRνρ
]
D(K12) = 4∇µ
[
R∂µR− (d− 1) ∂µR
]
D(K13) = 2 ∇µ
[
− ∂µR− (d− 2) ∇νRµν − Rµν ∂νR+ 2Rνρ∇ρRµν + 2Rνρ∇µRνρ
]
D(K14) = 8∇µ
[
−∇νRµν +Rνρσα∇µRνρσα + 2Rµρνσ∇σRνρ
]
D(K15) = ∇µ
[
− ∂µR− 2 (d− 2) ∇νRµν − 3Rµν ∂νR+ 6Rνρ∇ρRµν
+2Rνρ∇µRνρ − 2 (d− 2) Rµρνσ∇σRνρ
]
. (123)
B The cases d = 2 and d = 4 as a check of the recursive formulae
We briefly recall here how to cross-check the relations (103).
It is clear that the expressions of the dilaton vertices In given in (103) do not depend on the working
dimensions. Therefore we take d = 2 and check the agreement between the correlators that result from
(103) and those found by a direct functional differentiation of the anomaly via the hierarchy (13). This
provides a strong check of the correctness of (103). In fact, the equation of the trace anomaly in 2
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dimensions takes the form
〈T 〉 = − c
24π
R , (124)
where c = ns + nf , with ns and nf being the numbers of free scalar and fermion fields respectively. It is
derived from the counterterm
ΓCt[g] = −µ
ǫ
ǫ
c
24π
∫
ddx
√
g R , ǫ = d− 2 . (125)
The Weyl gauging procedure for the integral of the scalar curvature gives
−µ
ǫ
ǫ
∫
ddx
√
gˆ Rˆ = −µ
ǫ
ǫ
∫
ddx
√
g R+
∫
d2x
√
g
[
τ
Λ
R+
1
Λ2
(∂τ)2
]
. (126)
The second term in (126) is, modulo a constant, the Wess-Zumino action in 2 dimensions,
ΓWZ [g, τ ] = − c
24π
∫
d2x
√
g
[
τ
Λ
R+
1
Λ2
(∂τ)2
]
, (127)
from which we can extract the 2-dilaton amplitude according to (102)
I2(k1 − k1) = 1
Λ2
〈T (k1)T (−k1)〉 = c
12π
k21 . (128)
Starting from the 2-dilaton vertex, which is the only non-vanishing one, exploiting (111) and inverting
the remaining relations, we get the Green functions
〈T (k1)T (k2)T (k3)〉 = − c
6π
(
k21 + k
2
2 + k
2
3
)
,
〈T (k1)T (k2)T (k3)T (k4)〉 = c
π
(
k21 + k
2
2 + k
2
3 + k
2
4
)
,
〈T (k1)T (k2)T (k3)T (k4)T (k5)〉 = −8 c
π
(
k21 + k
2
2 + k
2
3 + k
2
4 + k
2
5
)
,
〈T (k1)T (k2)T (k3)T (k4)T (k5)T (k6)〉 = 80 c
π
(
k21 + k
2
2 + k
2
3 + k
2
4 + k
2
5 + k
2
6
)
. (129)
These results exactly agree with the combinations of completely traced multiple functional derivatives of
the anomaly (124) that one derives from (13), providing a consistency check of our recursive formulas
(103).
B.1 The first six traced correlators in d=4
Here we just report the expressions of the first 6 correlators in d = 4 Given the anomaly equation in 4
dimensions (71), we obtain
〈T (k1)T (−k1)〉 = −4βa k14 ,
〈T (k1)T (k2)T (k3)〉 = 8
[
−
(
βa + βb
)( 3∑
i=1
k2i
(∑)
f3(k1, k2, k3) + f3(k2, k1, k3) + f3(k3, k1, k2)
)
+βa
3∑
i=1
k4i
]
,
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〈T (k1)T (k2)T (k3)T (k4)〉 = 8
{
6
(
βa + βb
)[ ∑
T {4,[(ki1 ,ki2),(ki3 ,ki4 )]}
kii · ki2 ki3 · ki4
+ f4(k1 k2, k3, k4) + f4(k2 k1, k3, k4) + f4(k3 k1, k2, k4) + f4(k4 k1, k2, k3)
]
−βa
( ∑
T {4,(ki1 ,ki2)}
(ki1 + ki2)
4 + 4
4∑
i=1
k4i
)}
,
〈T (k1)T (k2)T (k3)T (k4)T (k5)〉 = 16
{
−24
(
βa + βb
)[ ∑
T {5,[(ki1 ,ki2),(ki3 ,ki4 )]}
ki1 · ki2 ki3 · ki4
+ f5(k1, k2, k3, k4, k5) + f5(k2, k1, k3, k4, k5) + f5(k3, k1, k2, k4, k5) + f5(k4, k1, k2, k3, k5) + f5(k5, k1, k2, k3, k4)
]
+βa
[ ∑
T {5,(ki1 ,ki2 ,ki3 )}
(ki1 + ki2 + ki3)
4 + 3
∑
T {5,(ki1 ,ki2)}
(ki1 + ki2)
4 + 12
5∑
i=1
k4i
]}
,
〈T (k1)T (k2)T (k3)T (k4)T (k5)T (k6)〉 = 32
{
120
(
βa + βb
)[ ∑
T {6,[(ki1 ,ki2),(ki3 ,ki4 )]}
ki1 · ki2 ki3 · ki4
+ f6(k1, k2, k3, k4, k5, k6) + f6(k2, k1, k3, k4, k5, k6) + f6(k3, k1, k2, k4, k5, k6)
+ f6(k4, k1, k2, k3, k5, k6) + f6(k5, k1, k2, k3, k4, k6) + f6(k6, k1, k2, k3, k4, k5)
]
−βa
[ ∑
T {6,(ki1 ,ki2 ,ki3 ,ki4)}
(ki1 + ki2 + ki3 + ki4)
4 + 4
∑
T {6,(ki1 ,ki2 ,ki3)}
(ki1 + ki2 + ki3)
4
+11
∑
T {6,(ki1 ,ki2 )}
(ki1 + ki2)
4 + 48
5∑
i=1
k4i
]}
, (130)
where we have introduced the compact notation
f3(ka, kb, kc) = k
2
a kb · kc ,
f4(ka, kb, kc, kd) = k
2
a (kb · kc + kb · kd + kc · kd) ,
f5(ka, kb, kc, kd, ke) = k
2
a (kb · kc + kb · kd + kb · ke + kc · kd + kc · ke + kd · ke) ,
f6(ka, kb, kc, kd, ke, kf ) = k
2
a (kb · kc + kb · kd + kb · ke + kb · kf + kc · kd + kc · ke
+ kc · kf + kd · ke + kd · kf + ke · kf ) . (131)
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